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Abstract—A metaheuristic approach based on Variable
Neighborhood Search to tackle the enroute aircraft conflict
resolution problem is presented. The three maneuvers (velocity,
heading angle and altitude level variations) are allowed to be
performed. Based on geometric rules, we can determine if a
conflict situation occurs between each pair of aircraft under
consideration. As three different maneuvers could be performed,
they are dealt with in a multiobjective framework, allowing Air
Traffic Control officers to make the final decision based on
economic and comfort terms.

for altitude level changes no guidelines are given, but due to
comfort, it is desirable to be as less as possible.

Air Traffic Management; aircraft conflict avoidance; Variable
Neighborhood Search; multiobjective optimization

I.

INTRODUCTION

The number of passengers in air transportation has grown
during the last decades increasing the number of aircraft flying
the sky. Due to the complexity of managing such traffic,
automatic tools are required to deal with an important problem
that is the aircraft Conflict Resolution Problem (CRP) and aims
to provide safety to the airspace. The goal of this problem is to
provide a new aircraft configuration in which any aircraft does
not violate the safety distances that must keep on flight. Those
distances are 5 nautical miles (nm) horizontally and 2000 feet
(ft) vertically defining a cylinder with 2.5 nm. of radius and
2000 ft. of height as safety region around each aircraft. In order
to avoid any conflict situation, defined as the event in which
two or more aircraft experience a loss of the safety distances,
every aircraft is allowed to perform three types of maneuvers,
namely velocity (VC) and turn heading angle (TC) maneuvers
(as horizontal) and altitude level (AC) maneuvers (as vertical).
The ERASMUS project [9] suggests velocity and heading
angle regulations in small ranges from -6 to 3% of the current
velocity and -30º to 30º for heading angle changes. However,

The literature has tackled this problem by different
approaches (optimal control, mathematical programming and
metaheuristic approaches, among others). We refer to [19] for
a survey up to year 2000 and to [20] for a survey up to year
2010. However, the literature taking the three maneuvers at
once is limited and very often presents approaches that are too
complex to provide an efficient answer in almost real-time,
which is required by the Air Traffic Control officers (ATCos).
It is worth pointing out that recently, different groups,
whose field of expertise is on mathematical optimization, are
working on studies from that field in the CRP. To the best of
our knowledge, the first works based on this discipline are
[13], [16], [25] and [30] where different models are studied but
allowing one or two maneuvers, at most. The work presented
in [30] is not based on maneuvers but on waypoints.
Nowadays, the guidelines for future Air Traffic Management
are clearer and other works apply that discipline with the new
specifications in advanced models as the ones presented in
[10], [23], [24], [26], [27], [28], [29] and [32], among others.
The Variable Neighborhood Search (VNS) metaheuristic
approach was firstly introduced in [21]. It has been applied to
many problems, especially in the field of combinatorial
optimization; see [17] and [22]. Its basic idea lies on changing
neighborhood structures in search for a better solution, in both
the perturbation (diversification) and the local search
(intensification) phases. This combination allows exploring the
solution space. One of the main advantages of this
metaheuristic approach is that it needs only one parameter to
tune the algorithm, making it more flexible to be applied to
different problems.

In our work, that parameter depends on the number of
aircraft under consideration, which makes our algorithm totally
adaptable to be used by any ATCo. So, we present a VNS
approach to deal with the CRP by performing any of the three
maneuvers. VNS for CRP was introduced for the first time in
[3], [5] by considering only heading angle changes. We extend
those works by including the velocity and altitude changes as
well as a multiobjective methodology to deal with their
different nature.
The rest of the paper is organized as follows: Section II
describes the geometric rules used to detect whether there is a
conflict situation or not between a pair of aircraft; Section III
presents the VNS methodology applied to solve the CRP;
Section IV describes the three methods in multiobjective
optimization that are used in our research; Section V reports a
preliminary computational experiment; Finally, Section VI
concludes and details the future research lines.
II.

CONFLICT AVOIDANCE

Fig. 1. Angles for conflict detection

The geometric construction for detecting conflict situations

to be considered in the study is shown in Figs. 1 and 2. Let vi

and v j denote the velocity vectors of the pair of aircraft, say i
and j, respectively. The main idea lies on constructing the
 
relative velocity vector vi − v j . Observe in the figure two
tangents to the safety circle of aircraft j that are parallel to the
relative velocity of the pair of aircraft i and j. They define a
region where the intersection with the trajectory of aircraft i is
a segment named the shadow segment. Notice that if the
intersection of that segment with the safety circle of aircraft i is
empty, then, there is no conflict situation between the two
aircraft. Otherwise, the conflict must be solved. Assume that
 y − yj 
r +r 
and arcsin  i j  ,
ωij and αij denote the arctan  i

 x −x 
 d 
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 i
 ij 
respectively, where xi and yi are the abscissa and ordinate of
the current position of aircraft i, respectively; ri is the safety
radius of aircraft i; and d ij is the Euclidean distance between
aircraft i and j. A conflict situation can be detected depending
upon the tangent of angles l=
ωij + αij and g=
ωij − αij and
ij
ij
the tangent of the relative velocity vector.
Notice that if different safety radii are considered for an
aircraft (e.g., due to their expansion in case of bad weather
conditions occur, due to aircraft performance, etc.), the
following expression from [1], [2] and [4] should be used to
compute the angle αij ,

aij = arctan

ri + rj
d − ( ri + rj ) 2
2
ij

.

Fig. 2. Geometric construction for conflict detection
In the geometric construction the notation is based on
vectors, but they can be decomposed into the two components,
abscissa and ordinate, in the mathematical model. Therefore,
no conflict occurs between aircraft i and j if any of the
following expressions is satisfied,

( vi + υi ) sin( mi + mi ) − ( v j + υ j ) sin( m j + m j )
( vi + υi ) cos( mi + mi ) − ( v j + υ j ) cos( m j + m j )
( vi + υi ) sin( mi + mi ) − ( v j + υ j ) sin( m j + m j )
( vi + υi ) cos( mi + mi ) − ( v j + υ j ) cos( m j + m j )

≥ tan(lij )
(1)

≤ tan(gij )

where mi is the current direction of motion and µi and υi are
the heading angle and velocity variations to be obtained,

respectively, such that now the new angles of motion mi + mi
and m j + m j and the new velocities vi + υi and v j + υ j avoid
the conflict between aircraft i and j. Two situations can be
seen to arise in the expressions above.
Notice that the left-hand-side in the previous expression
can involve a null denominator. We refer to this as a
pathological situation which produces unstable solutions since
a specific conflict between two aircraft may be wrongly
solved, even leading the aircraft to crash in the worst scenario.
These situations can be detected before the optimization
phase. In order to solve these cases, parameters mi and m j
can be replaced with mi + π / 2 and m j + π / 2 , i.e., the
elements of the configurations are turned to π / 2 rad. So
there is no longer a pathological situation. Note: This
replacement is only made for the aircraft i and j under
pathological situation.
The approach presented in this work assumes that the
conflict situations are solved by performing instantaneously
the corresponding maneuvers (VC, TC and AC). Notice that
in real situations the problem should be solved each time
instant at which an aircraft comes into an air sector. This is
made to ensure that no conflict situations occur anymore.
If a TC is performed by a given aircraft, it should
obviously be forced to return to its initial trajectory once the
conflict situation has been resolved. This could be done by
solving a set of unconstrained quadratic models, see [8]. The
optimization of those models does not present any difficulty if
an appropriate optimization solver is used. In our case the
model takes less than a second to be resolved on a typical PC
hardware platform.
III.

VARIABLE NEIGHBORHOOD SEARCH

As has been stated in the introduction, VNS has been
applied to many problems in combinatorial optimization.
However, when additionally continuous variables are involved,
it is more complicated as it happens in our approach (velocity
and heading angle changes are related to continuous variables).
One way commonly used in continuous optimization when
using VNS is moving to another solution by adding a value at
random forming the new neighborhood structure. This kind of
movements are used in both, the local search and the shaking
phases, see below.

tan(gij ) ≤

( vi + υi ) sin( mi + mi ) − ( v j + υ j ) sin( m j + m j )
( vi + υi ) cos( mi + mi ) − ( v j + υ j ) cos( m j + m j )

≤ tan(lij )

If the previous inequality is satisfied there is a conflict
situation between aircraft i and j. However, inequalities in (1)
have difficulties in the computation when the denominator is
null. We have referred above as pathological cases. In that
case, the following expression is taken into account,

− cot(gij ) ≤

(vi + υi )sin(mi + mi + π / 2) − (v j + υ j )sin(m j + m j + π / 2)
(vi + υi )cos(mi + mi + π / 2) − (v j + υ j )cos(m j + m j + π / 2)

≤ − cot(lij )

where it can be observed that the angles involved in the
geometric construction presented above are turned π / 2 rad.
The penalization function must consider velocity, heading
angle and altitude level changes and it is considered as follows,

{

}

{

}

 ∑ max 0, min {tan(lij ) − tij , tij − tan( gij )}
i < j∈F

if cpij = 0 and zi + g i = z j + g j

g (υ , m , g ) = 
 ∑ max 0, min {tan(lij ) − tij , tij − tan( gij )}
i < j∈F

if cpij = 1 and zi + g i = z j + g j

being cpij a 0-1 parameter which equals 1 if there is a
pathological case between aircraft i and j; zi the initial altitude
level of aircraft i; γ i the number of altitude levels that aircraft i
changes (positive and negative); and,
tij =
t 'ij =

(vi + υi )sin(mi + mi ) − (v j + υ j )sin(m j + m j )
(vi + υi )cos(mi + mi ) − (v j + υ j )cos(m j + m j )
(vi + υi )sin(mi + mi + π / 2) − (v j + υ j )sin(m j + m j + π / 2)
(vi + υi )cos(mi + mi + π / 2) − (v j + υ j )cos(m j + m j + π / 2)

The function g (υ , µ , g ) considers that if you aircraft i and j
are flying at the same altitude level, the geometric construction
must be applied to detect if there is a conflict situation or not.
Otherwise, if the two aircraft fly at different altitude levels,
there is not a conflict between them. Depending on whether a
pathological case happens or not, the corresponding expression
is applied.
Besides function g (υ , µ , g ) , the objective functions for each
maneuver presented in IV.A must be aggregated.

A. Penalty function
In the previous section has been described the equations to
detect if there is a conflict situation between two aircraft, see
equations (1). We formulate the problem highly penalizing the
infeasibility, so, expressions (1) can be expressed as the only
one following inequality,

B. Data structure
In our VNS algorithm, we have five vectors used to save
the aircraft configuration: velocity (V), heading angle (T),
altitude level (Z), abscissa (X) and ordinate (Y); three solution
vectors ( υ ), ( µ ) and ( γ ) for velocity, heading angle and

altitude level changes, respectively; one 0-1 matrix to denote
parameter cpij ; five matrices TL, TG, CTL, CTG, A, to save the
values for tan(lij ) , tan( gij ) , − cot(lij ) , − cot( gij ) and the values of
function g (υ , µ , g ) . The latter is a dynamic matrix which is
changing during the VNS algorithm. The rest of parameters
corresponds to the initial configuration.
C. Local Search
The Local Search phase is the intensification phase. Its aim
is to improve a given solution. In our case the evaluation of
new solutions is made by changing by a fixed quantity the
velocity or the heading angle as well as changing one altitude
level. The Local Search phase in our CRP is based on first
improvement strategy, which consists on evaluate one solution
and if it is improved then take the new one until no
improvement is found instead of the mechanism for best
improvement which consists of evaluate a set of values and
take the best one. We have tried both strategies but we have
chosen first improvement since no significant improvement in
both time and solution’s quality is found.
Algorithm 1 presents the general process for updating
matrix A according to the new solution obtained whereas
Algorithm 2 do the general process for Local Search based on
first improvement strategy.
D. Shaking
In the diversification phase, the shaking procedure is used.
This scheme requires neighborhood structures to be used. Our
procedure consists of changing the aircraft configuration of a
given number of aircraft, randomly obtained in each iteration
of the algorithm. The velocity, heading angle or altitude level
is modified in order to perturb the best solution found. The
variations are also randomly decided to be positive or negative.

As the parameters vel, ang, and alt are randomly defined, it can
occur that, in certain iteration, the parameters could be greater
or smaller than the one in the previous iteration.
Algorithm 3 presents the procedure to perturb the solution.
E. Basic VNS algorithm
In the general procedure for the VNS scheme some
parameters must be fixed. The maximum size allowed for the
neighborhood structures for one VNS iteration, kmax , is fixed to
30º as it is the bound for angle variations. The maximum time
of computing, tmax , which is fixed to as many seconds as the
number of aircraft under consideration.
In the VNS scheme we allow to restarting procedure which
consists of starting the VNS algorithm from scratch. In many
situations, the algorithm is blocked in a local optimum. So, in
order to take advantage of the computing time, we use this
procedure to allow the algorithm to get other solutions in the
solution space that, hopefully, will provide a better solution.
Note that random parameters are taken into account in the
diversification phase, so other solutions will be explored. The
parameter tr is the time such that if it is exceeded without
finding any better solution, the VNS algorithm is restarted. It
has been set to tmax /10 . For the first local search iteration, the
parameters vel, ang and alt have been set to 1 nm/h, 1º (which
is transformed to rads.) and 1 altitude level.
Algorithm 4 presents the basic VNS scheme for the CRP.

IV.

MULTIOBJECTIVE METHODS

B. Ideal and nonideal values

Three different multiobjective methods are considered to
deal with the aircraft CRP: (1) Lexicographic goal
programming; (2) Compromise programming; (3) Double
Compromise programming. These methods were firstly
introduced for the CRP problem in [6,7].
A. Objective functions
We consider three objective functions, one for each
maneuver. Furthermore, in some of the multiobjective methods
we need additional objective functions as it is described below.
The three objective functions related to each maneuver are as
follows:

min ∑ cυf υ f

In the multiobjective optimization methodology, an initial
study is necessary on the different objectives. An ideal value
for a single objective function is the best possible value when
that objective is optimized subject to the set of constraints. On
the opposite, a non-ideal value is the worst value for a single
objective function when optimizing another function. These
values are represented in the so-called pay-off matrix which
provides information about the range in which each single
objective varies for any feasible solution. The ideal values lie
on the diagonal of the matrix whereas the non-ideal values do
on the rest of matrix positions. This matrix is also commonly
used to study the degree of conflict among the objectives under
consideration.

(2)

f ∈F

C. Lexicographic Goal Programming
υ

for velocity changes, being υ f the velocity variation and c f
the unit cost for aircraft f ,

min ∑ c mf m f

(3)

f ∈F

for heading angle changes, being µ f the heading angle
variation and c µf the unit cost for aircraft f , and,

min ∑ cγf γ f

(4)

f ∈F

for altitude level changes, being γ f the number of altitude
level changes and cγf the unit cost for aircraft f .

The Goal Programming method was firstly introduced in
[12]. For good surveys, see [18] and [31]. It consists of
sequentially solving the optimization problem for each
objective function allowing a deviation from a given aspiration
level for each previously optimized objective. The sequence is
given by the priority order. In our case, we have selected the
order: Altitude level, heading angle and velocity changes, since
we are interested in comfort terms, following general
guidelines in [11].
In this way, the procedure to obtain the solution given by
the lexicographical Goal Programming is as follows:
1. Obtaining the ideal objective function values for each
maneuver
by
independently
optimizing
the

corresponding objective function (2), (3) and (4) for
VC, TC and AC minimization, respectively.
2. Computation of the maximum deviation that is allowed
from the ideal values that have been obtained for AC
and TC maneuvers. Those deviations are computed as
ε t ( zt** − zt* ) for TC and ε a ( za** − za* )  for AC, where

 x  means the smallest integer value greater or equal
than x, ε t and ε a are user-driven 0–1 fractional values
to calibrate the deviations, and zt** and za** are the
maximum TC and AC values allowed by the user and
known as non-ideal values.
Notice that the deviation ε a ( z − z ) is rounded to the
closer greater integer number since the difference
za** − za* in AC is always integer, and its multiplication
by a value less than one produces a non-integer rhs and
probably without allowing any other AC.
**
a

*
a

3. TC minimization (3) and the following constraint,

∑ cγ γ
f ∈F

f

f

≤ za* + ε a ( za** − za* ) 

4. VC minimization (2) and the previous and following
constraint,

µµ
+c
∑ (c µµ
+

f ∈F

f

+
f

−

f

−
f

) ≤ zt* + ε t ( zt** − zt* ).

where the ideal value zt* used in the previous constraint
has been obtained in the third step.
D. Compromise Programming
The Compromise Programming method was firstly
introduced in [14]. Its main idea lies on the perception that the
decision maker prefers the solution closer to the ideal value. In
this method, as the objective function minimizes a distance,
different norms can be taken into account (generally providing
different solutions). In our case we are using the l1 norm due
to its linearity with the aim of normalize the objective function
by taking into account the range of variation given by the ideal
and the non-ideal values.
The procedure to obtain the solution by the Compromise
Programming is as follows.
1. Obtaining the ideal objective function values for each
maneuver
by
independently
optimizing
the
corresponding objective function (2), (3) and (4) for
VC, TC and AC minimization, respectively.
2. Minimizing the following objective function (it is the l1
norm),

∑ cυ υ
f ∈F

f

f

− zv*

zv** − zv*

+

µγ
−z
∑ c µγ
∑c
f ∈F

f

f

zt** − zt*

*
t

+

f ∈F

f

f

− za*

za** − za*

(5)

E. Double Compromise Programming
Sometimes, the solution provided by the Compromise
Programming method may result in an excessive deviation
from the ideal value, so, in [15] a two-step methodology is
presented where firstly is used the l∞ norm followed by the l1
norm imposing the maximum deviation obtained by the l∞
norm.
The procedure to obtain the solution by the Double
Compromise Programming is as follows.
1. Obtaining the ideal objective function values for each
maneuver
by
independently
optimizing
the
corresponding objective function (2), (3) and (4) for
VC, TC and AC minimization, respectively.
2. Minimizing the following objective function (it is the
l∞ norm),

 ∑ cυf υ f − zv* ∑ c mf m f − zt* ∑ cγf γ f − za* 


max  f ∈F ** *
, f ∈F ** *
, f ∈F ** * 
zt − zt
za − za 
 zv − zv


3. Minimizing the objective function (5) and restricting
the changes in each maneuver to be less or equal than
the value obtained in the previous step.
V.

PRELIMINARY COMPUTATIONAL EXPERIMENT

In this section we report a preliminary results obtained by
applying the VNS algorithm to the CRP. In order to validate
the approach, an illustrative example is used, although it is not
realistic is commonly used to test the approaches to the CRP.
We consider a circumference and locate a certain number of
aircraft on it flying towards the circumference center as it is
illustrated in Fig. 3. We compare the results with the ones
obtained by using the exact mixed integer nonlinear and
nonconvex optimization model presented in [6]. The
experiment has been performed on a 4xIntel Core i5-2430M,
2.40 GHz, 8 GB RAM with a Linux Xubuntu 14.04 Operative
System. The VNS algorithm has been implemented in C++.
Table I reports the solution values for each maneuver
obtained by using the state-of-the-art solver Minotaur. The
headings are as follows: Case represents the case instance Caz, where a denotes the number of aircraft under consideration
and z the number of altitude levels that the aircraft are allowed
to change; nc is the number of pairs of aircraft in conflict
situation; zv* , zt* and za* are the ideal values for VC (nm/h),
TC (rad.) and AC (number of altitude levels), respectively;

TABLE I.

Instance

IDEAL AND NON-IDEAL VALUES

Minotaur

za*

Gap VNS

Case

nc

zv*

zt*

zv**

zt**

C2-4

1

0.0000

0.0048

0

9.0000

0.0050

1

C3-4

3

0.0000

0.0000

0

2.0010

0.0144

C4-4

6

0.0000

0.0096

0

17.3330

0.0191

TABLE II.

Instance

g v*

g a*

g v**

0.00 -4.17

0.00

-0.89 38.00

0.00

3

0.00

0.00

4.33 21.53

0.00

6

0.00 23.96

0.00

0.00 -82.82

ta*

tv**

tt**

ta**

tv*

C2-4

0.56

0.08

0.02

0.03

0.03

0.03

C3-4

0.17

0.13

0.04

0.09

0.08

C4-4

71.27

1.09

0.10

1.20

0.21

zv** , zt** and za** are the nonideal values for VC, TC and AC,
**
v

**
t

g a**

5.76

0.00

VNS

tt*

*
a

g t**

COMPUTING TIMES

tv*

*
t

g t*

Minotaur

Case

*
v

za**

**
a

respectively; g , g , g , g , g and g report the gaps
between the solution obtained by Minotaur and the VNS
z − zM
approach computed as: VNS
⋅ 100% , where zM and zVNS
zM
denote the corresponding solutions obtained by Minotaur and
VNS, respectively.
In our approach we avoid altitude levels if it is possible due
to comfort reasons, so, it can be observed in Table I that if
altitude level changes are not needed to avoid the conflict
situations, some ideal values for velocity or heading angle
maneuvers could be different from zero as in the cases with
even number of aircraft.

tt*

ta*

tv**

tt**

ta**

0.00 0.00

0.00

1.12 0.00

0.00

0.46

0.00 0.01

0.00

0.04 0.00

1.05

4.78

0.00 2.12

0.00

1.62 0.00

1.30

For the cases with odd number of aircraft, velocity
changes can avoid the conflict situations (if the aircraft are
sufficiently far from each other).
It can be observed in Table I that the gaps between the
solutions obtained by Minotaur are, in general, acceptable.
VNS obtains reasonable solutions for the ideal values, except
for the ideal value for heading angle changes in C4-4. For the
non-ideal values, the optimization (even when exact schemes
are used) is unstable due to the fact that some objectives are
not penalized in the objective function.
Table II reports the computing times needed to solve each
instance. The new headings are as follows: tv* , tt* , ta* , tv** , tt**
and ta** are the computing times needed to obtain the ideal and
nonideal values for each maneuver.
It can be observed in Table II that the computing times for
Minotaur grow significantly as the number of aircraft does.
For only four aircraft, the computing time exceeds one minute
for obtaining the ideal value for velocity changes. However,
VNS is able to obtain a good solution in less than 2 secs.
except when minimizing heading angle changes for C4-4.
VI.

Fig. 3 Illustrative instance

CONCLUSIONS

A VNS metaheuristic approach has been presented to deal
with the Conflict Resolution Problem in Air Traffic
Management. Due to the nature of the problem, an answer in
almost real-time is required. Previous works in the literature
deal with the problem but they do not consider the three
maneuvers or do need too much computing time to provide a

solution. Furthermore, the three maneuvers are different among
them and should be treated in a balanced way by considering
comfort or economic terms, for instance. We integrate in the
VNS algorithm a multiobjective methodology with the aim of
providing useful information to the Air Traffic Control
officers. We have reported preliminary results by applying our
approach in a difficult case showing good results both in
computing time and in solution’s quality. This is a work-inprogress and some steps must be finished as the
implementation of the multiobjective methods, its integration
under the same algorithm and its validation in an extensive
computational experiment.
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