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Abstract—In this paper we propose a methodology for formal reasoning based on stochastic hybrid systems theory and
abstraction algorithms for stochastic dynamical systems, which
provides a powerful framework to analyze stochastic models
of ATM procedures. We propose the use of automatic tools
for verifying probabilistic properties of ATM scenarios. In
particular, we propose to use PCTL logic to define probabilistic
properties of interest. We address a simple single-agent procedure
of the A3 (Autonomous Aircraft Advanced) ConOps (Concept
of Operations), describe a dynamical model for the aircraft
deterministic dynamics and for the wind stochastic dynamics, and
used MATLAB and PRISM tools in order to perform stochastic
analysis of properties of interest of the addressed scenario.
Index Terms—Air traffic management, Stochastic hybrid systems, Abstraction algorithms, Probabilistic model checking.

I. I NTRODUCTION
The introduction of new Air Traffic Management (ATM)
procedures is a necessary condition for achieving safety and
efficiency objectives requested by the increasing air traffic.
Modeling, simulation and formal analysis and validation of
new ATM procedures is an important and necessary step for
the development of ATM systems. In the context of the iFly
project, our research focuses on development of novel concepts
and technologies for addressing the issues discussed above, in
order to provide automatic tools for the ATM systems under
development and standardization.
In the past, the Air Traffic Controller (ATC) and the
pilots had access to different data, and the responsibility of
changes in procedures and operations were totally delegated
to the ATC. The introduction of the next generation of ATM
systems forecasts the use of ground and on-board integrated
surveillance systems, which guarantee a cooperation between
the ATC and the pilots. Moreover, new technologies provide broadcast communication of an aircraft position in the
airspace, thus enabling the possibility of decentralization of decision making from the ATC to the pilot. This are the enabling
technologies for development of a pletora of applications, such
as the Airborne Separation Assistance System (ASAS) [1],
which aims to improve efficiency of air traffic management
procedures by a decentralization of responsibility among the
ATC and the pilots.
The more advanced ASAS application is the Airborne
Self Separation (ASEP) [2], which aims to a total shift of
responsibility to the pilots flying in a specified airspace.
Within this airspace, the pilots are responsible of maintaining
safety separation with the other aircraft using the on board

surveillance system. The operative concept ConOps [3] consists of two planning phases and one validation phase. The
first planning phase derives from the Autonomous Aircraft
Advanced (A3 ) concept [3], which contemplates a network of
aircraft, each responsible of Airborne Self Separation with no
ATC ground support. The second phase contemplates analysis
and validation of results of the first phase, in order to improve
the A3 concept, including the ATC support when necessary.
These new concepts are a potential solution to the increasing
air traffic density expected in the future years, and forecast an
increase of safe air traffic from three to six times the current
air traffic. The main problem is providing guarantee that the
new air traffic procedures are sufficiently safe.
In this paper we propose to apply a methodology for
formal reasoning based on stochastic hybrid systems theory,
that provides a powerful framework to analyze multi-agents
stochastic models of ATM procedures. We propose the use
of automatic tools for verifying probabilistic properties of
ATM scenarios. In particular, we propose to use PCTL logic
to define probabilistic properties of interest (we refer to [4]
and references therein for a survey on PCTL). Recently,
formal verification of stochastic models has been transformed
from an academically attractive discipline to a research effort
prone to yield industrially relevant applications, and tools for
probabilistic model checking have been developed: we propose
the use of PRISM [5], [6], [7] for automatic verification of
PCTL properties on ATM procedures.
However, the dynamical analysis of high-dimensional,
stochastic models poses a number of challenges. When direct
analysis of the model under study is impaired by its sheer
complexity, automatic verification and algorithmic control design procedures are essential. An approach that is successfully
used to cope with the issue of computational complexity
and scalability is that of abstraction: a system with smaller
state space is sought, which is equivalent to the original
system. System equivalence implies that some properties of
the original (complex, possibly infinite dimensional) system
are preserved by the (simple, possibly finite dimensional)
abstraction. For this reason, the property of interest can be
efficiently checked on the abstraction, in finite time and/or
with a lower computational complexity.vFigure 1 illustrates
the main phases of our verification algorithm we propose. In
the first block, a detailed continuous-time stochastic model of
the ATM procedure (e.g. a stochastic model of the aircraft
dynamics) is defined, using the mathematical framework of
continuous time Stochastic Hybrid Systems (ct-SHS). This
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model can be discretized with respect to the time variable,
thus obtaining a discrete time SHS (dt-SHS). We refer to [8]
and references therein for the formal definition of discrete
and continuous time SHSs. In the third block, a Markov
Chain abstraction of the model is obtained using the abstraction procedure proposed in [9]. This abstraction procedure
is essentially a partition of the state space, which depends
on a tunable parameter δ (the width of the partition grid).
The reason for using this abstraction is that it provides an
approximation of the original system, and it can be used to
perform automatic model checking using the tool PRISM. The
results of the model checking verification directly apply to
the original system, modulo an approximation error ². This
approximation error ² can be chosen a-priori, by modifying
the parameter δ(²) of the abstraction procedure from dt-SHS
to Markov Chain.
The paper is organized as follows. In Section II we describe
the ATM scenario we considered to apply our methodology,
i.e. the Hole in the clouds scenario illustrated in [3]. In Section
III we describe a dynamical model for the aircraft deterministic
dynamics, and for the wind stochastic dynamics. In Section IV
we present our simulation results.

Fig. 2.

Airspace classification, from [3].

Fig. 3.

Conflict environment in PBA, from [3].

II. S CENARIO
We illustrate a simple procedure of the A3 (Autonomous
Aircraft Advanced) ConOps (Concept of Operations), i.e. the
Hole in the clouds scenario illustrated in [3].
In A3 ConOps the concept of airspace has been redefined, introducing the concept of Performance Based Airspace
(PBA). A3 airspace is divided into 3 categories, as illustrated
in Figure 2: the Managed Airspace (MA) is a high-density
area; the Unmanaged Airspace (UA) is an area where ATC
services are not accessible; the Performance Based Airspace
(PBA) is an airspace whose boundaries are defined in time and
space through MA and UA dynamic assignment.
In PBA autonomous aircraft are responsible for separation,
according to the AFR (Autonomous Flight Rules). Operations
are usually conducted under AFR or IFR (Instrument Flight
Rules), while operations under VFR (Visual Flight Rules) are
only admitted at specific altitudes. In PBA airspace aircraft
have to guarantee self-separation and safe manoeuvres. Any
conflict has to be avoided using appropriate manoeuvres:
the final objective is safe cruise avoiding any conflict, e.g.
Protected Airspace Zones (PAZ), Restricted airspace areas
(RAA), or Weather hazards areas (WHA).
We consider an A3 flight, defined as the flight between a
departing Terminal Control Area (TMA) exit point, and an
arriving TMA entry point, constrained by a Controlled Time
of Arrival (CTA) at the arriving TMA entry point, as illustrated
in Figure 4.

During the flight, the aircraft follows its Business Trajectory (RBT) and maintains separation from other aircraft
and conflicts, respecting constraints of imposed by Traffic
Flow Management. Given a Business Trajectory, we apply our
methodologies to verify position and time of arrival to the
arriving TMA without entering conflict areas, by taking into
account stochastic wind disturbance on the aircraft dynamics.
Figure 5 illustrates a scenario, where WHA conflicts are
present.

III. A IRCRAFT DYNAMICAL MODEL

We use a Point Mass Model (PMM) for modeling aircraft
dynamics. We denote by X, Y horizontal position, by h
altitude, by V true airspeed, by γ flight trajectory angle, and
by ψ heading angle. Wind is considered as a disturbance on
the aircraft dynamics, and is modeled by its speed W =
(w1 , w2 , w3 ) ∈ R3 .
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Fig. 4.

A3 flight, from [3].

Fig. 5.

WHA conflicts A3 flight, from [3].

We use the following dynamical model from [10]:
Ẋ = V cos(ψ)cos(γ) + w1
Ẏ = V sin(ψ)cos(γ) + w2
ḣ = V sin(γ) + w3
1
V̇ = m
[(T cos(α) − D) − mgsin(γ)]
1
ψ̇ = mV
(Lsin(φ) + T sin(α)sin(φ))
1
γ̇ = mV
[(L + T sin(α))sin(φ) − mgcos(γ)]

Fig. 6. Forces acting on the aircraft, respectively on the X-Z, Y-Z and X-Y
planes.

(1)

where T denotes engine thrust, α attack angle, φ yaw angle,
m aircraft mass and g gravity acceleration. L e D respectively
denote lift and drag forces, which are functions of the state
and the attack angle. Typically:
L=
D=

3

CL Sρ
2
2 (1 + cα)V ,
CD Sρ
2
2
2 (1 + b1 α + b2 α )V ,

where S denotes wing surface, ρ air density, and
CD , CL , c, b1 , b2 lift and drag aerodynamic coefficients that
depend on the flight phase.
Figure 6 illustrates how forces act on the aircraft in the
model described above.
From 1 we derive a 6-dimensional model of the aircraft
x = (x1 , x2 , x3 , x4 , x5 , x6 )T ∈ R6 , with 3 constant inputs
u = (u1 , u2 , u3 )T ∈ R3 and 3 disturbance components w =
(w1 , w2 , w3 )T ∈ R3 . By defining x1 = X, x2 = Y , x3 = h,

x4 = V , x5 = ψ, x6 = m, u1 = T , u2 = φ,
obtain the following dynamics:

x4 cos(x5 )cos(u3 ) + w1

x
4 sin(x5 )cos(u3 ) + w2


x4 sin(u3 ) + w3

ẋ =  CD Sρ x24
 − 2 x6 − gsin(u3 ) + x16 u1

CL Sρ x4

2 x6 sin(u2 )
−ηu1

u3 = γ we










(2)

State and input are subject to the following constraints:
x3 > 0, x4 ∈ [Vmin , Vmax ], x6 ∈ [mmin , mmax ], u1 ∈
[Tmin , Tmax ], u2 ∈ [φmin , φmax ], u3 ∈ [γmin , γmax ]. Values
for state and input constraints and for parameters CD , S and
ρ can be found from the database BADA (Base of Aircraft
DAta) [11].
Wind is modeled by a nominal component and a stochastic
component w = wn + ws . The stochastic component is
modeled by Gaussian random variables, i.e. by a random field
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ws : R × R3 → R3 , where ws (t, P ) represents wind in point
P ∈ R3 at time t ∈ R. We assume that ws (·, ·) satisfies the
following properties:
1) ws (t, P ) is a Gaussian random variable with mean
µ(t, P ) and covariance matrix Σ(t, P ).
2) The random field is isotropic in x e y, i.e. the correlation
structure does not change for rotations in the horizontal
plane.
3) ws1 (t, P ), ws2 (t, P ), ws3 (t, P ) are independent ∀t ∈ R,
∀P ∈ R3 .
In the addressed scenario, we assume that altitude h, true
airspeed V and heading angle ψ are constant, and that γ is
equal to zero. Under these assumptions, equations (2) assume
the following form:
·
¸
V cos(ψ) + wn cos(β) + ws1
ẋ =
(3)
V sin(ψ) + wn sin(β) + ws2
where x = (x1 , x2 )T ∈ R2 model the aircraft position in
the plane x1 = X, x2 = Y , (wn cos(β), wn sin(β))T ∈ R2
is the deterministic component of the wind where wn e
β are respectively wind velocity and direction, and ws =
(ws1 , ws2 )T ∈ R2 is the stochastic component of the wind.
Using these dynamics, it is possible to derive a continuous
time SHS describing the dynamics of the aircraft. Starting
from this model and choosing a sampling time ∆, we derive a
discrete time SHS by applying the classical Eulero-Maruyama
discretization with constant step ∆.
From equations in (3) we obtain the deterministic component f that characterizes the dynamics of the aircraft for the
dt-SHS model:
µ
¶
V cos(ψ) + wn cos(β)
f=
V sin(ψ) + wn sin(β)

Fig. 7.

Data obtained from BADA [11].

Fig. 8.

Simplified and partitioned Performance Based Airspace (PBA).

We assume the aircraft is flying at cruise speed and at flight
level 350. The table 7 (obtained from [11]) reports aircraft
data in cruise, climb and descent phase.
At flight level 350, in cruise phase, the corresponding true
airspeed (TAS) is 461 kts (853.772 km/h). We assume that ψ =
π/4, and that the wind has a constant deterministic component
with speed 50 km/h and direction from North to East.
We resume the parameters used in our simulations: V =
853, 772km/h = 0.2372km/s, ψ = π/4, wn = 50km/h =
0.0139km/s, β = 3π/8.
IV. S IMULATION RESULTS
Given the aircraft and wind dynamics introduced in Section
III, we consider the scenario illustrated in Figure 5 of Section
II, and use our methodology for performing stochastic analysis
of the original dtSHS through the Markov Chain abstraction.
We consider a simplified Performance Based Airspace
(PBA) as a rectangular airspace defined by a = 0, b =
10 km., c = 0, d = 10 km., as illustrated in Figure 8.
The continuous time stochastic dynamics of the aircraft are
discretized with sampling time ∆ = 1s using the EuleroMaruyama discretization, and the continuous state space of the
aircraft dynamics have been restricted to√the simplified PBA
and partitioned using a grid of width δ/ 2, as illustrated in

Figure 8. The parameter δ is the diameter of each partition
cell. The number of cells is n · m, and depends on a, b, c, d, δ
as follows:
(a − b)
(d − c)
√ ,n =
√ .
m=
(δ/ 2)
(δ/ 2)
√
We have chosen δ/ 2 = 0.2km., which generates a 50 × 50
grid. Using the space and time discretizations defined above,
we construct using the abstraction method defined in [9] a
Markov Chain abstraction of the original dtSHS. This Markov
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Chain is defined by a 51×51 stochastic matrix Π and an initial
probability distribution Π0 , which in our case is given by the
T
51 × 1 vector Π(0) = [1 0 0 . . . 0] (i.e. the initial position
of the aircraft is the departure TMA with probability 1. The
51st state of the Markov Chain is an absorbing sink state, that
models the state space region R2 \[a, b]×[c, d]. It is reasonable
to model this whole region as a single unsafe state, since it
models that the aircraft exits the PBA without reaching the
arrival TMA. Moreover, the probability of entering this state
is usually ∼
= 0.
A. Probability distribution evolution
Given Π, Π0 , we can compute the stochastic evolution at
step t ∈ N of the 51 × 1 probability vector Πt = Π0 Πt . As
illustrated in Figure 10 we performed computation of Πt at
time steps t = 1, 2, · · · , T , using MATLAB for constructing
Π, Π0 and plotting Πt . The x-y plane represents the PBA, and
the z axis is the probability that the aircraft belongs to each
cell.
In Figure 9, it is clear that the effect of wind might bring
the aircraft in the Weather hazards areas WHA, even if with
a small probability. Computing the probability distribution Πt
for t ∈ {1, · · · , T }, it is possible to compute the probability
of entering the WHA area in the time interval [0, T ∆]. In our
case study, we considered T = 70.
Arriving TMA

WHA

Departing TMA

Fig. 9. Trajectory deviation at time 30 s. due to the wind deterministic
component.

B. PCTL model checking
Given the Markov Chain abstraction and the WHA area
defined by the set [2, 4]km × [5, 6]km, we use the obtained
matrix Π as an input to the tool PRISM [5], [6], [7], in order
to perform model checking of the following PCTL properties.
1. Does the aircraft eventually reach the arriving TMA point,
with probability greater than a value P ? This formula can be
expressed in PCTL by the unbounded until formula
TRUE U TMA.

(4)

Using PRISM with our abstraction we verified that, on our
model, the property is satisfied with probability P ≥ 0.85.

Fig.
10.
Probability
5 s., 20 s., 30 s., 50 s., 70 s.

distribution

evolution

at

times

2. Does the aircraft eventually reach the arriving TMA
point without passing through the WHA area, with probability
greater than a value P ? This formula can be expressed in
PCTL by the unbounded until formula
WHA U TMA.

(5)
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Using PRISM with our abstraction we verified that, on our
model, the property is satisfied with probability P ≥ 0.80.
3. Does the aircraft reach the arriving TMA point within
the Controlled Time of Arrival (CTA) and without passing
through the WHA area, with probability greater than a value
P ? This formula can be expressed in PCTL by the bounded
until formula
WHA U≤CT A TMA.

(6)

Using PRISM with our abstraction we verified that, on our
model, the property is satisfied with probability P ≥ 0.25 for
CT A = 50s., with probability P ≥ 0.77 for CT A = 60s.,
and with probability P ≥ 0.80 for CT A = 70s..
The abstraction approximation introduces an error in the
probabilistic evolution of the Markov Chain with respect to
the original dtSHS, which depends on δ. In this paper, and
using the bounds derived in [9], we considered a partition that
introduces an error of 0.1 in the steady state probability of
the abstraction. This is due to the limited resources of the
hardware used for the simulations (a 1.8 GHz CPU takes 1
hour for constructing the Markov Chain abstraction). However,
according to the results illustrated in [9], the precision of
the abstraction can be arbitrarily chosen by decreasing δ and
using faster CPUs. Moreover, executing model checking to
our model through the tool PRISM is extremely fast on the
abstraction Markov Chain (it takes a few seconds for each
PCTL formula) even with a slow CPU. It is fundamental to
stress that there exist no tools that perform stochastic model
checking over a dtSHS: for this reason, our methodology
is a technological enabler for applying automatic stochastic
model checking to dtSHSs. Using model checking through our
methodology, it is possible to determine the probability that
the aircraft reaches the arriving TMA. The crew can use this
value to decide whether to continue on the Business Trajectory,
or to change the flight plan in order to avoid the WHA. For
this reason, our methodology can be a useful tool to validate
and apply new ATM concepts (in our case study, A3 ConOps).
V. C ONCLUSIONS
In this paper, we apply a methodology for formal reasoning
based on stochastic hybrid systems theory and abstraction
algorithms for dynamical systems, that provides a powerful
framework to analyze multi-agents stochastic models of ATM
procedures. We use PRISM model checker tools for verifying
PCTL probabilistic properties of ATM scenarios. We applied
our methodology to a simple single-agent ATM scenario, in
the context of the concept A3 ConOps. Future work aims to
apply our methodology in a compositional framework, in order
to overtake computational complexity issues in multi-agent
systems.
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